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Abstract

We rewrite the PDE and inverse-problem in-context-learning task as finite least squares. One
task is one latent vector z; one prompt is many pairs (u;, f;) produced by that same z. The
encoder estimates z from weak equations G,,z =~ b,,. The decoder solves the query system by a
learned preconditioned Richardson iteration. This gives exact optimization identities for encoder-
only, decoder-only, and stop-gradient encoder—decoder training. Generalization is certified either
by exact Gaussian/Wishart risk formulas in the low-rank model or by clipped empirical Bernstein
bounds on held-out tasks. The replica framework of low-rank linear-attention ICL applies exactly
to the linear-attention finite least-squares reduction; for nonlinear or learnable-kernel attention
it gives the correct order-parameter target, but the global scalar closure is not yet proved. The
required order parameters are not only spectra: they include spectral overlaps between the learned
preconditioner, the task Hessian, and the source covariance.
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1 One paragraph reading guide

The problem has two clocks. Outer time s is pretraining: the attention matrices, encoder dictionary,
or preconditioner change. Inner time £ is in-context solving at frozen parameters: one decoder layer
is one solver step. The exact identities are:

Gs — G* = (G() — G*)(I — UZZ)S, €r+1 = (I — PSH)eg, €, = (I — PSH)Le().

The statistical question is how many prompt equations, training tasks, and latent task directions
are needed for these identities to be useful on new tasks. The replica question is which macroscopic
overlaps close the typical test risk in the high-dimensional limit.

2 From a PDE prompt to finite least squares

2.1 Task, prompt, and query
Let z € R" be the hidden task coordinate,

z~N(0,%,).
Let f be a Gaussian process in a Hilbert space H,

[~ GP(0, k),
and let the elliptic operator be affine in z:

r
A(z) = Ao+ ) s
k=1
For one task z, the prompt contains m source-solution pairs
IL = {(wi S}, A@ui=fi.  fi  GP(0,ky).

The query is a fresh f, from the same source law, and the desired answer is

ue = A(2) 7 fo.
Thus:

‘one task = one latent z = one prompt with many pairs (u;, f;)- ‘
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2.2 Weak equations for the encoder
Choose test functions vy, ..., v,. Since

r

fi— Aoui =Y zpAgus,
k=1

testing against v, gives

(Va, fi — Aous)

21 (Va, Aps).

Stack rows indexed by (i, a):
Gia)k = (Va, Agti), bii,a) = (Va, fi — Aous).
Then the prompt is the finite inverse problem
Gmz = by, Gy, € R™MIXT,

With noise or model error,

b = Gz + &, E[e€T] = 021

The ridge encoder is

2 = (GG + X 7IG ) b

2.3 Finite-rank GP/KRR recast

If the GP has a finite feature representation

then observations y = ®z + ¢, ¢ ~ N(0,0%I), give
Apost = At + U_2<I)Tq)7 dpost = U_Q(I)Tyv Zpost = A;olstdpost-

The dual KRR predictor is exactly the same:
0(2) zpost = by (K +0°1) 7'y, k(z,2") = ¢(2) T Ag(a").

This is the finite-dimensional bridge used by the GP/KRR experiments.

PDE-style encoder-+decoder preconditioner comparison
Decoder MSE to encoded exact solve

End-to-end query MSE

prtraining stp s pewsnngseps o pesnngsteps

(a) Finite-rank GP/KRR posterior solvers. (b) PDE encoder—decoder recast.

Figure 1: The GP and PDE tasks reduce to latent least-squares systems. The reported dual-primal
GP gap is 1.443 x 10~ in the PDE K=4 recast the encoder has z-MSE 6.136 x 1078,



3 Task diversity and task difficulty
The task diversity is the effective dimension of X,:

g Tr(X,)?
task — Tr(zg) .

If 3, is rank r isotropic, then di,qx = r. If only a few latent directions have large variance, then
pretraining sees a smaller task family even if the ambient parameter vector is long.
The prompt visibility matrix is

1

The easy regime is
Amin(Fm) > 0, K(Fm + AI) moderate.

The hard regime is when some latent directions are invisible in the prompt:
Amin(Fm) ~ 0.

The decoder difficulty for a known task is

where H(z) is the query Galerkin or latent least-squares Hessian.
If the whitened prompt rows are iid Gaussian and n = mgq, then

1
Fn~=-X"X,  Xy;~N(O1).
n

For r,n — oo with v = r/n, the empirical spectrum converges to Marchenko—Pastur:

A — AN (A=A
dpnip y(A) = VO QW’)Y()\ ) Lyepo g dA, A= (1+,7)°

Thus the prompt-size scaling is controlled by v = r/(mgq).

Prompt covariance spectrum matches MP and non-asymptotic bounds
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(a) Prompt spectrum and MP window.

Figure 2: Prompt-size laws. Increasing the number of prompt pairs m or weak tests ¢ reduces
~v =1r/(mq), opens the smallest eigenvalue, and improves encoder recovery.



4 Encoder-only theory

4.1 Population model
The encoder-only low-rank recovery model is
b=Gz+¢  z2~N(0,X,),  &~N(0,0%).
The learned matrix G minimizes !
Lenc(G) = §EHGZ — b3
Since
VLene(G) = (G = Gy)%e,

population gradient descent with step size 7 satisfies

Gy — Gy = (Go — G)(I —n32)".

Theorem 1 (Encoder optimization curve). If 0 < n < 2/Anax(2;), then

1 1
Renc(s) = ?EHGSZ —b3=0"+ K Tr [(GS — G)2:(Gs — G*)T} )

and
1
Renc(s) = 0% < [T =% |32 Tr|(Go — G.)=(Go — G.) T

Proof. The gradient formula gives the linear recursion above. Insert it into the quadratic population
risk and diagonalize X,. O
4.2 Encoder generalization
For a held-out sample of n tasks and clipped loss

l. = min(¢, c), 0</4.<c,

the empirical Bernstein certificate used throughout is

2V, log(2/6) N 7clog(2/0)

<5
Re < R+ n 3(n—1)

In the Gaussian encoder model the exact population curve above is stronger than a bound. The
experiment verifies

Renc(800) = 4.0020466789 x 1074, Rene(800) = 4.0000000000 x 104,

Renc(800) / Renc (800) = 1.0005116697.

Encoder-only no-softmax low-rank recovery: online pretraining curve Encoder-only no-softmax low-rank recovery: online pretraining curve
Encoder-only low-ra

(a) Encoder online curve. (b) Final encoder checkpoint.

Figure 3: Encoder-only risk is predicted by the exact population trajectory.



5 Decoder-only theory

5.1 Frozen decoder is Richardson

For one task, let the query system be
Hx, =d, H > 0.
At frozen pretrained parameters s, the decoder applies

zo41 = ¢+ Ps(d — Hay).

With ey = xp — x4,

er1 = (I — PsH)ey,

er, = (I — P;H) e.

Consequently
L
leclla < I — PoH |3 [eoll2-

The exact depth risk for source covariance S = E[z,z ] is

R(P) = %Tr [(I — P,H)LS(I - PSH)LT] .

5.2 Linear-attention pretraining as preconditioner learning

The free linear-attention decoder model is

. 1
Z = Pd, Laec(P) = ﬁEHPd — z, |3

Let
C=E[dd"], B=E[zd']
Then

1
VLee(P) = 2(PC = B),  P.= BCH.

With the rescaled gradient step
Psy1 = Ps —n(PsC - B),

we get

P, — P, = (Py— P,)(I —nC)°.

Thus the outer training curve is again a closed covariance-filtered curve.

Decoder-only no-softmax linear attention: online pretraining curve
Early-time zoom

Risk over online pretraining time Decoder-only risk trajectories
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Figure 4: Decoder-only training learns a preconditioner; evaluation at frozen P; is exactly Richardson.



5.3 Decoder verification

At the final decoder-only Flexformer checkpoint:
Rgee = 7.674719 x 1073, Ugp = 1.771005 x 1071,

Pr{llez[l2 > |[1 — PyH |3 |leoll2} = 0.

The error/bound ratio is 2.2833 x 1072, the relative distance to the oracle P, is 2.6788 x 10!, and
the stable rank of Py is 2.9198.

Decoder-only Flexformer-style learned-kernel preconditioner Outer pretraining dynamics: attention as a learned preconditioner
Decoder-only Flex kernel risk ptimization contraction certifcate Decoder attention learns the oracle preconditioner The learned preconditioner accelerates Richardson
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(a) Decoder generalization and bound. (b) Preconditioner strategy.

Figure 5: The decoder value is not that it beats an exact direct solver. Its value is that pretraining
learns a reusable preconditioner that lowers the number of Richardson-like layers/iterations needed
on new prompts.

6 Encoder—decoder composition

6.1 Error decomposition

Let Z be the encoder output, and let
2'(2) = H(2)'d(2)

be the exact solution of the encoded query system. The model output after L decoder layers is Zy.
Then
L — 2. =3p — 2 (2)+21(3) — z,.

TV
decoder encoder

Hence
2L — 2.5 < 20|70 — 2T (3)]13 + 2[27(2) — . f3-

The first term is exact Richardson:

B —al(3) = (I = RHE) @ - o'(2)).

6.2 Perturbation from latent error

Assume
-

H(z) :Ho—i-zzka, d(z) :do—i-zzkdk,
k=1 k=1

and H(z) = ol in a neighborhood of z. Then



For Az =7 — z,

21(2) = al(2) = H) ™ |30 Aldy — Hya(2))| + 0(|A2]2).
k

Thus, locally,

. 1
() — 2.2 < o ;A%(dk = Hya.)| +O(lAz]?).
2

6.3 Stop-gradient triangular dynamics

If the decoder is stopped from backpropagating into the encoder and the encoder has its own loss,
then the coupled training is triangular:

Gs+1 - G* == (Gs - G*)(I - 77622)7

Py = Pu(Gs) = (Ps — Pu(Gs))(I = 1aC(Gs)) + (P*(GS) - P*(Gs+1))~

If the decoder is fast relative to the encoder, Ps tracks the slowly moving P, (Gy). If the decoder starts
before the encoder has signal, the first iterations train on noisy or poorly identified systems; this is
the transient seen in joint runs.

Low-rank encoder-+decoder: online CPU pretraining curve Encoder+decoder Richardson / linear-attention overlap dynamics
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(a) Online encoder—decoder. (b) Composed overlap dynamics.

Figure 6: With stop-gradient and explicit encoder loss, the dynamics separate into encoder recovery
plus decoder preconditioner adaptation.
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7 Exact correspondence with low-rank linear-attention ICL

7.1 Paper model

The low-rank ICL replica framework studies tasks
wht = +/D/r AvH, vt ~ N(0, 1),

and prompt pairs
yf - <w,u’xét> + gét'

The one-layer linear-attention architecture has the form
1
Atte(C) = C + ZVC(KC)T(QC),

with a linear readout. The resulting query prediction can be written as a linear predictor on a
prompt-derived feature matrix HH*:

" = Tr(WH*T).
7.2 Our exact mapping

Our low-rank linear regression task is the same model after renaming;:
wh +— B(2H) = Uz, A+—U,, vH — 2

For PDE inverse problems, the task vector is not directly a regression weight; it is the coefficient
vector z in the weak system:

G(I1,)z = b(I1,).

After Galerkin testing, this is still a low-rank linear task. The context length in the ICL paper
corresponds to the number of weak prompt equations:

Lpaper <— n = mq.

The task rank is
Tpaper < rank(3;).

The pretraining task diversity My in the paper corresponds to the number of distinct latent direc-
tions/tasks covered by pretraining, i.e. the empirical rank and conditioning of the sampled z-cloud.

7.3 Decoder as the algorithmic component

The paper decomposes prediction into an algorithmic component and a noise component. In our
notation, the algorithmic component is the learned preconditioner /solver:

Ty = x¢ + Py(d — Huy).

The noise component is any part of the learned map not aligned with the prompt least-squares
geometry. In the exact linear-attention/free- P reduction, pretraining drives

P, — P, = BCT,

so the algorithmic component is precisely the covariance-optimal linear preconditioner.



7.4 Flexformer and learnable attention kernels

For kernelized linear attention,

kw Z'ak'
AG(Zaj) = (q j) Py = DyAgDy, + Ds.

Za kw(Qi7 ka) ’

For fixed 0, all decoder certificates remain exact because they only use Py. For training 6, the finite-set
recursion is exact:

Zigr1 = Zig + Poriyg, ri0 = di — H;z;p,
*
Zi, L — % T
AL = WZ, Nie = —PoH;) Nigt1,
N L-1
.

VeLn(P) =Y > Nieirie,

i—1 (=0

Os11 = 05 _77DP0*S [VPEN(POS)] :

The checked relative errors were
relerr(Vp) = 1.727 x 10716 relerr(Vy) = 1.048 x 10717,

What is not proved is a global scalar replica closure for this nonlinear outer-training law.

(a) Exact finite-set gradients. (b) Decoder NTK local curve. (¢) GP/KRR NTK local curve.

Figure 8: For nonlinear or learnable-kernel attention, the finite gradient law is exact and local NTK
curves can be accurate. The global replica closure remains an order-parameter problem.

8 Replica order parameters

8.1 Quenched free energy

For a training set Dy, define a Gibbs posterior over effective attention parameters P:

Zn(B) = / exp{—BNRy(P)} dr(P).

The quenched free energy is

F(B) = —ﬁi\,EDN log Zn(B).
The replica identity is
Elog Zn = %136 %
For n replicas P!, ..., P", the calculation closes only after introducing overlaps.
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8.2 Which overlaps are needed

Spectra alone are not enough. The decoder risk is

RL(P) = %Tr [(1 — PH)"S(I - PH)LT] .

It depends on the relative eigenvectors of P, H, and S, not merely on eigenvalues of P. Required
order parameters include

1 1
Qub = 2 Te(PP'T), M, = = Te(PH),

1 1
) = = T(P"HP"H), T — 7 TX(P*HSHTP'T).
For encoder recovery, the corresponding overlaps are

1
Q% = S T|(G" — GZ(C" =G

For the prompt spectrum, the scalar MP law supplies the marginal spectral measure of G;Gm; the
replica calculation supplies how the learned attention aligns to it.

(a) Same spectra, different risk.

(b) Logged overlap state.

Figure 9: The obstruction experiment fixes eigenvalues and singular values but changes eigenbasis
alignment. Depth-1 risks differ by 1.541x 10733 versus 1.090x 10~!. The logged joint order parameters
reconstruct checkpoint risks with max absolute error 1.137 x 10712
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8.3 Replica diagnostic plots

Dynarmic replica order parameters over pretraining tasks.
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Figure 10: Replica-style diagnostics: prompt spectra, low-rank Q/K motion, and overlap variables.
These are the quantities a closed dynamical replica theory must predict.

9 Scaling laws

9.1 Prompt size

Let n = mq be the number of weak equations. In the whitened Gaussian prompt model with OLS

and noise variance o2,

r

E|Z— 2|2 = 2ETr [(G;Gmrl} = 52 n>r+l.

n—r—1
With ridge A,
R.(\) =ETr [A2(G;Gm + M) 728, + 602G G (G G + )\I)*ﬂ .

In the proportional limit this becomes an MP integral.

9.2 Training task count

Let N be the number of pretraining tasks. For clipped loss, the empirical Bernstein deviation is

@)

Vlog(1/6) | clog(1/9)
N N
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For linear free- P pretraining with effective covariance C', optimization error at outer time s is exactly
1
Raec(Ps) — Raec(Py) = 74 Tr{(Py — P.)(I —nC)*C(I —nC)*(Py — P*)T}.

Finite N affects C, B through sample fluctuations; this is the finite pretraining-data regularization
captured by the low-rank replica theory.
9.3 Task rank and diversity

The task rank r appears in three places:

v = L, diask = rank(U,) = 7.

mq Tr(X%2)’

Generalization improves when mq > r, when N covers the effective latent support, and when the
decoder preconditioner aligns with the stiff eigenvectors of the query Hessians.

Generalization gap scales with effective dimension over tasks
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Figure 11: Scaling evidence. The certified sweep has 96 rows and max reported violation 0.
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10

Optimization contraction follows the learned preconditioner spectrum
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Figure 12: The deterministic optimization curves track contraction factors; the generalization plots

compare train and held-out behavior.

1. Decoder-only fixed moments

2. Encoder-only residual dynamics

3. Stop-gradient encoder+decoder in a commuting low-rank basis
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Figure 13: Scalar reductions are exact for the deliberately scalarized systems. They explain the shape
of the curves but do not replace the overlap theory for full matrices.
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11 What is proved and what is not

Claim

Status

PDE prompt — Gz = by,
Finite-rank GP < KRR
Encoder-only optimization
Decoder frozen optimization
Encoder—decoder  with
gradient

Held-out generalization

stop-

Linear-attention low-rank ICL
correspondence

Softmax /Flexformer global train-
ing theory

Replica closure variables

Exact after Galerkin/weak-form discretization.
Exact primal-dual identity.

Exact population GD curve.

Exact Richardson identity for every Fy.
Exact triangular decomposition plus
bound.

Certified by empirical Bernstein after clipping; exact
Gaussian risk in encoder model.

Exact after finite least-squares recast and linear atten-
tion/readout reduction.

Exact finite recursion and local NTK diagnostics; no
proved global scalar replica closure yet.

Must include spectra and overlaps; spectra alone are
false.

perturbation

12 Conclusion

The rigorous core is finite-dimensional. The encoder solves a prompt inverse problem; the decoder
learns and applies a preconditioner; the composition separates into identification error and solver error.
Linear attention fits the low-rank ICL replica framework exactly once the prompt is written as a least-
squares feature matrix. The difficult remaining theory is not the frozen optimization bound—-that is
exact—but the global outer-training law for nonlinear learnable attention kernels. The experiments
show which macroscopic quantities that law must track: prompt MP spectra, Q/K low-rank motion,

and overlaps among P, H, and S.

A Figure index

All figures below are included so the paper is self-contained as an audit artifact.

4. One scalar state cannot close the general case
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Figure 14: Scalar counterexample: scalar dynamics do not imply a full matrix closure.
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Decoder contraction radius

Encoder projector error

Latent population condition
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Figure 15: Additional prompt spectral diagnostics.

Low-rank encoder-+decoder: online CPU pretraining curve
End-to-end risk over online pretraining time

Encoder-only no-softmax low-rank recovery: online pretraining curve
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Figure 16: Final online runs copied from the optimization/generalization report.
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