Generalization, Optimization, and Preconditioning Dynamics
for Encoder—Decoder In-Context Least Squares

Abstract

All notation uses two times. Outer time s is pretraining of the attention/encoder parameters.
Inner time ¢ is the Richardson solver run inside one prompt with frozen parameters. Linear
attention gives an exact global preconditioner trajectory s — Ps. Softmax attention gives an
exact nonlinear update map and a local Jacobian preconditioner.
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1 Objects

1.1 Task as one prompt
ZNN(O,EZ), zeR".

f~GP0,ks), feH.

A(z) = Ag + Z 26 Ag.
k=1

u=A(z)"f.

I, = {(us, fi)}i]\ilv fi S GP(0, k), ui = A(z) " fi.

lone task = one latent z = one prompt II,.

vg € H, a=1,...,q.

b
Il
_

1.2 Finite least-squares reduction

x; ~ N(0,%;), yi = x; B+ &, & ~ N(0,0%).

B =U,z, ulu, =1,.

x
X=1|:1, y=W-..ym)"
Ty
H 1XTX+)\I 1XT
= —_— C = — .
M M K M M Yy



ﬂ;r\/[ = H]\_JICM.
U e REXT U'U =1,.
Ay =U"HyU, dy =U"en.
A4 = Agtdy, Bl =Uzl.

2 Two Times

s=0,1,... 0s, Us, Ps, P, outer pretraining time.

{=0,1,...,L 205 inner solver time at frozen s.

’s — P is attention/preconditioner learning. ‘

’E  2y,5 is solver evaluation at fixed F.

3 Decoder-Only Linear Attention

3.1 Population objective
d e RX, z, € RE, Z = Pd.

Laee(P) = 5Bl Pd - 2]}
C=E[dd"], B=E[zd']
VLue(P) = —(PC - B).
K
P.C = B, P, = BC".

Psiy = Ps — KV Liec(Ps) = Ps — n(PsC — B).

(Eap1 = E.(I—1C).|

|P.— P = (P — P)(I —nC)",

C=QAQT, A = diag(\1,. .., Ag).

1
Raec(P) = —E|Pd — 2|3
K



Raeel P) = Rce(Pe) = 2 Tel (P = PJC(P ~ P)T}.

K
1
Raee(P) = Raee(Pe) = 72 > A1 = 10i)*[|(Po = P)aill3.
i=1

Eos = Mll(Ps = Paills,  wei = =
H:' =d.

Zo+1,s = 20,5 T+ Ps(d - Hzé,s)a 20,5 = 0.

L-1
2Ls= Y (I — P.H) Pd.
=0

2L — 2= —(I - PSH)LzT.

po(H) = || - P.H]».

oz, = 2"z < ps(H) 1212

1
R1(Py) = 2Bz, — 2.

1
Ri(Fs) = -E|[Pod — 213

3.2 Finite-task generalization
Dy = {(dmzn)}gzr

D =[dy,...,dy] € REXN, Z =|z,...,2n] € REXN,
En(P)= —-—|PD - Z|?
NS T OKN F

Py =2zD"(DD")'.

N 1 . 1
Cy =—DD" By = —2ZD".
N N 5 N N
PxCy = By.
~ 1 ~ ~
Rdec(PN) - 7?'dec(P*) = ? Tr{(PN - P*)C(PN - P*)T}'

deg(\) = Te{C(C + \I)7}.

2
= d
EDN [Rdec(PN) - Rdec(P*)] = %%ﬁ when N > deg.



4 Prompt Generalization

AP = (1+ 7).

spec(iM) cll-vy- 0% 1+ + t)ﬂ

with probability at least 1 — 2~ /2 for Gaussian design.

Hy = Hoo + Apsy Hog = X + M.

1AMl2 = [Ear — Sall2-

Hy' ~H = -HAyH + B Ay H A HL

HJ51A
1= [[Hoo [[2[1An 2

Rprompt (M) - Rprompt(oo) =

dprompt
@) (efiw) for fixed spectrum and high probability.

5 Encoder-Only Low-Rank Recovery

5.1 Linear residual dynamics

b= Gz + m, E[gpz"] = 0.
Lane(G) = 3EIG= ~ b3,
3, = E[zzT], Sy, = E[sz}.
Gy =Y.
VLenc(G) = (G — Xy2).

Gs+1 = Gs - ne(GsZz - Ebz)-

Gy — Gy = (Go— G)(I —neS.)".

7—\{enC(CTY) = EHGZ - bH%



ReHC(GS) - RenC(G*) = Tr{(GS - G*)Zz(Gs - G*)T}-

Y, = Vdiag(py, ..., pr)V .

Renc(Gs) - Renc(G*) = Z :ui(l - neﬂi)%H(GO - G*)UZH%

5.2 Subspace recovery

Y5 =E[B8"] = U, B.U,.
N 1M
Son = D Buba-

n=1
Uy = Topr(§57N).

VYenc = )\r(zﬁ) - )\r+1(25)-

Son—X
|sin©(Un, U,)|l2 < IZg.v = Zsll2
Yenc

S ret(Xp)
1X5,n — Xgllz = OIP’<”ZBH2 6Nﬁ> :

Rﬁoor(U> - EH(I - UUT)ﬂH%I

Rioor(Un) < ||Zall2 Te(2) || sin ©(Un, Us)|I7-

Encoder 4+ Decoder

6.1 Latent system

US = EHCd)S (Hz)
A, =UJHyU,,  ds=U]cy.

t= UszT.

s

2] :As_lds, B

S

Ze+1,s = 20,5 + Pz,s(ds - Aszf,s)v 20,5 = 0.

2L — z; =—(I- PZ7SAS)LZ;L.

pZ7S(HM) = HI - Pz,sAsH2~

l2z,s = 2Lz < s (Har) E (1L 2



6.2 Moving decoder oracle

Cs =Rl | U,  Bs=E[zld] | U.].
P}(U,)Cs = B..
Px(U,) = B,Cl.

Lace(PiUs) = 3 Bl Pods — A3 | U,

Pz,s+l = Pz,s - nd(PZ,SCS - Bs)

Pop1 — P (Us) = (Pz7s - P;(US)) (I = 1aCs).

Pesi1 = P (Ust1) = (P&s - P;(US))(I = 14Cs) + PZ(Us) = PZ(Us41).

tracking error = contraction error + oracle drift.

6.3 Risk decomposition

BL,S = USZL,S'
Reze(s) = El|Brs — BIE,
Ritoor (s) = E[|B] — BII3,,

Rec(s) = E”US('ZL,S - Zl)”%z

ReZe(S) = Rﬂoor(s) + Rdec(s) + 2E<B;r - ﬁu US(ZL,S - Z;r)>2]z-

Raec(s) < HEmHQEHZ'L,S - ZlH% < HZmHQE[P%S(HM)QLHZlHg]-

6.4 Stop-gradient triangular dynamics

,C(G, P) = £enc(G) + ‘CdeC(P; Sg(G))
G =Yy, — G,

P, = B(Gy) — P,C(Gy).

encoder drives the moving decoder distribution, decoder tracks its oracle.




6.5 Commuting scalar closure

Y., C(Gy), B(G:), A(G;) diagonal in one fixed basis.

9i(s) = g7 + (9i(0) — g7 ) (1 — neoy)®.

pi(s +1) = (1 —naci(s))pi(s) + nabi(s).

s—1
pi(s) = pi(0) [T = maci(8)) + D mabi(r) T (1 —naci(t)).
t<s T<8 t=74+1

Raee(s, L) = Zwi(s)(l — pi(s)ai(s))?L.

6.6 Non-commuting exact matrix dynamics

Es+1 = ES(I - 7705) + Dy,

Ds = PI(Us) = PI(Ust).

z

s—1 s—1 s—1
Es:EOH(I_nCt)‘i’ZDT H (I_nct)
t=0 7=0 t=7+1

b
[ = MaMeyy - - M.
t=a
CiCy # CpyCy = no fixed scalar eigenmode closure.

7 No Single Scalar State in General

Cqi = Nigi, eo = ag;.
Ry = egC’eo =a?\.
er = (I —nC)ep.
R = elTCel =(1- n/\i)zRo.

RY =Ry, MN#X — RY#RY.

’risk alone is not a closed state variable. ‘

’exact closure requires spectral overlaps or full matrices. ‘




8 Softmax and Nonlinear Attention

7“575 =d-— Hz&S.

Linear attention:
Ag,(z,H,d) = Pyrys.

Softmax/nonlinear attention:

Ny, (z,H,d) = Fp (2, H,d) — z.

Zpi1,s = 2,5 + Do, (20,5, H, d).

Po, : (2, H,d) = Dy, (2, H,d)|

00y, (2, H,d)

J95(27H7d): or )

r=d— Hz.

Ay, (z,H,d) = Ps(d — Hz) for all (z,H,d) <= global matrix P;.
Ay, nonlinear = exact object is Py, or Jy, (2, H,d).
PProj — arg;ninEHAgs(z, H,d) — P(d— H2)|3.
PP = E[Ag r " |E[rr "]
PP is a diagnostic projection, not the exact nonlinear model.

9 Replica and Spectral Order Parameters

K deft
Y= M Y= N
1
my(2) = [ 3 dimpy(A).

supp(ump,y) = [(1— )% (1 + 7))

)\max(HM)
Amin(HM) '

PEOP = p(I - PsHoo)

k(Hwy) =

plz)fsp = ,O(I - Pz,sAoo,s)~

P11
srank(P) = .
17113
>y oi(P)?
Etopyk(P) = ZIO.Z(ZP)Q )
(2

0. — )‘iH<Ps_P*)(Ji”% .
T NP = Pl

1
H(Qs) = _log K Z Qs,i log Qs,i‘




10 Task Diversity and Difficulty

task diversity <= spec(X.), resr(Xz), N.

operator difficulty <= k(A(2)), k(Hyr), 02, A, M.
decoder difficulty <= p(I — PsHy), k(PsHyr), L.
encoder difficulty <= ..k, Hi@N — slle, (I = UUNUL|2.
GP prompt diversity <= spec(Tk,), dS¥ (1) = Te{ Ty, (Tk, + )7}
11 Experimental Certificates

max |RAe  — Rdec | — 90380 -1073.
S

obs,s pred,s

‘Rdec _Rdec |
b d —
max — 2 POE — 438521077,
s R dec
pred,s

Rggg,SOO = 1.624536 - 10_17 Rgﬁgd7800 =1.619130 - 10_1.

| Psoo — PillF

= 8.2055 - 1073,
| Pl 7

R (Psoo) = 9.1478 - 1077, pgoo = 7.9563 - 1071,
max RS s — Roncas| log-ratio = 1.3184 - 1072,
S

obs,s pred,s

Renc final = 1.3095 - 10711 Rene pred finat = 1.3122 - 1071,
|Giinal — Gl /|G|l = 1.6295 - 107°,  sin? Oppay = 1.9699 - 1077

max |REpHdee — Rencidee) — 27756 - 10717
s

obs,s exact,s
Reea20 = 441151072, Rgoorazo = 4.3891-1073,  Rgecaz0 = 2.0853 - 107°,

| P 420 — P (Us20)||
| P5(Usz0)ll

sin?(Uygo, U,) = 3.0853 - 1072

=3.1937-1072.

scalar proof ladder max errors: 4.337-107'%, 6.939-107*®, 5.551 - 10717,
counterexample: Ré = Réa =1, R =0.6724, RE =0.1936.

10



12 Plots: Detailed Reading

12.1 Outer preconditioning dynamics

Outer pretraining dynamics: attention as a learned preconditioner

Decoder attention learns the oracle preconditioner The learned preconditioner accelerates Richardson
0 0
10 == [|Ps=P.I/IP. Il 10 R e = = = =B = == = — & — - = — % — = —E— 4
\ —#= 1-cos(Ps,P.) k
-1 L A z 1 - LY SRR 1 £y A A
_ 10 1014
2
o
C
2 102 —o— Ru(P5)/Re(Po)
2 10724 <+ Ry(Po)/R(PO)
2 —== mean ps= ||l - PsH|
o
g 107
o 10734
10744 <
~
\.-~-‘--I——l-—'—-ﬂ 10744
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
pretraining step s pretraining step s
Joint run: decoder follows the moving encoder oracle Preconditioning improves before the encoder floor dominates
10° —p; - 10° 4 ———
== |IPz,s = P; (US)II/IP; (Us) e e —p—a—E——m——a——
=== 1-cos(Ps, P, (Us))
N\ - encoder sin?(Us,U.) 10-14
L om
. ~
. 107t PRRRRN
g . 102 ST VTPN PP RPPPV TV ORPRPWY Y N
e A____*___}_\__‘ —e— decoder residual / initial
S N « &+ encoder floor / initial
€ 1024 h 102 - mean p, = 11~ Ps sl
o ~
5 =
"\\
‘\\
—— 10744
-3 S m
10774 e N
~
N,
- ——- 10754
0 100 200 300 400 0 100 200 300 400
pretraining step s pretraining step s

Figure 1: Outer pretraining dynamics: attention as learned preconditioning.

This is the central diagnostic because the horizontal axis is the outer pretraining time s, not the
inner Richardson iteration £. The top-left panel measures the decoder-only learned matrix P, against
the population oracle P,. The relative Frobenius error decreases from order one to below 1072, and
the cosine defect decreases to about 3 - 107°. This confirms that the attention layer is not merely
executing an unpreconditioned least-squares method; during pretraining it learns the preconditioning
matrix itself.

The top-right panel evaluates what the learned Ps buys for a fixed-depth Richardson decoder.
The one-step/direct risk changes moderately because a single multiplication Pyd is limited by the
irreducible floor of the direct estimator. In contrast, the depth-L Richardson risk collapses by several
orders of magnitude. This is the preconditioning effect: the learned matrix changes the contraction
geometry of the repeated residual update.

The bottom-left panel is the corresponding joint encoder+decoder reading. The learned latent
decoder P, ¢ is compared to the moving oracle P}(Us), because the encoder subspace U, changes
during training. Therefore the correct target is not a fixed matrix. The plot shows that the decoder
tracks this moving oracle while the encoder subspace quickly reaches its finite-sample floor.

The bottom-right panel separates the two errors. The decoder residual collapses rapidly, while
the encoder floor changes much less after early training. This is the empirical version of

ReQe(S) ~ Rﬁoor(s) + Rdec(s)a

with the decoder term becoming negligible relative to the encoder floor.

11



12.2 Risk prediction overlap

Risk trajectory overlap during pretraining

Decoder-only: observed = exact curve Encoder+decoder: observed = exact curve
10° —e— observed risk —e— observed risk
— = exact predicted risk — = exact predicted risk
-+ oracle floor 107! -+ encoder floor
— - decoder component
6x107! 10-2
™ 1073
w4x107t
3x1071 107
10-°
2x107!
.................. 100 e
0 100 200 300 400 500 600 700 800 0 100 200 300 400
pretraining step s pretraining step s

Figure 2: Observed risk and exact predicted risk over pretraining time.

The left panel overlays the observed decoder-only risk with the exact population curve induced by
P;— P, =(Py— P,)(I—nC)°.

The curves are visually indistinguishable after the first transient. The maximum relative discrepancy
is 4.3852-1073, which is at the scale expected from finite evaluation sampling and numerical estimation
of the moments. The horizontal dotted line is the oracle floor R(P,). The curve approaches that
floor as the preconditioner trajectory converges.

The right panel is stricter: for the encoder+decoder run, the observed risk and the exact identity
risk agree up to 2.7756 - 10717, This is not a fitted curve. It is the identity

21 — zl =—( - PZ’SAS)Lzl

evaluated at every checkpoint. The green curve is the decoder component; it becomes much smaller
than the gray encoder floor. Therefore the final error is not caused by an unsolved latent least-squares
system, but by the finite encoder subspace.

12



12.3 Decoder-only detailed diagnostics

Decoder-only Richardson / linear-attention overlap dynamics
Decoder-only risk trajectories

Richardson contraction
10° —e— direct Pd _r,.._.,.-—""~.-—l-—-—"~..,—l
\‘ —= depth-L Richardson el
4
1 7’
10! \ Ve
! I'd
\ £ /
% \ 2 /
£ -2 \ . o0 / —e— mean ||/ - PH|
w 10 ] 10 /
w “ = \\[ === max ||/ - PH|
2 o
\ 2
10 N 9x 10!
\\
>~ N 8x 1071
104 M - - - -
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
pretraining step s pretraining step s
Preconditioner alignment Error spectral-overlap fractions
0 4
10 —— IP-P.1/IP-1 1o
\ —# 1-cos(P,P.)
1071 0.8
1072 0.6 -
10-3 0.44
~ .
A slow eigenspace
Sa 0.2 1 middle eigenspace
107* -
‘\
-y - —a
0.0
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
pretraining step s

pretraining step s

Figure 3: Decoder-only alignment, contraction, and spectral overlap.

The upper-left panel compares the direct estimator Psd to the depth-L Richardson estimator using
the same learned P,. The direct risk plateaus near 1.63 - 10~!, while the iterated solver reaches
9.15-107°. Thus the learned attention matrix is best interpreted as a preconditioner for the iterative
residual dynamics rather than only as a one-shot inverse map.

The upper-right panel shows contraction statistics of I — P;H. The mean contraction improves
below one. The maximum contraction can exceed one because it is measured over a finite task
ensemble and in worst directions; the average risk can still decay strongly when the unstable directions
have small mass under the task distribution. This is why the spectral-overlap panel matters.

The lower-left panel is the direct evidence that Ps moves toward P,. Both the relative error and
the cosine defect decrease monotonically until saturation. This is the outer training dynamics of the
attention preconditioner.

The lower-right panel decomposes the remaining preconditioner error across eigenspaces of C =
E[dd"]. The weights are

We s — il (Ps — P*)%’HQ ‘
T2 Al P = Pog |

The changing distribution of these weights explains why a single scalar risk is not a closed state
variable. The risk curve depends on where the error lies in the spectrum, not only on its total norm.
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12.4 Encoder+decoder detailed diagnostics

Encoder+decoder Richardson / linear-attention overlap dynamics

Encoder+decoder risk decomposition Latent Richardson contraction
—e— end-to-end /)\\ - —e— mean |/ —PA|
o —=- encoded floor , S 3 - —a= max |l - PA|
10 -+ decoder component 10° \ ’ ‘*I.\ -
—a - b bt PR
- ~ - - -
o 1072 9x1071
)
c 8x 1071
£ 107
g a, 7x107
210 .
.,
KN 6x 1071
10-5 >,
T
kes
- EEPNPPTY CETTY SO Y .
T T T r T 5x 1071 T T T T T
0 100 200 300 400 0 100 200 300 400
pretraining step s pretraining step s
Encoder and decoder alignment Decoder error spectral-overlap fractions
10° —e— sin2(Us,U.) 1.0 —e— slow eigenspace
LT == [Pz~ P; (WU)I/IP; | - fmidd'e eigenspace JRTT
-~§‘~* s 1—cos(P,P;) o8 —.— a\enspace RETTRERTLALN
~.o -
1071 o "
. P L A O WPt
.~ -
” il 0.6
1072
0.4
"""" 0.2
1073 e .
0.0
0 100 200 300 400 0 100 200 300 400
pretraining step s pretraining step s

Figure 4: Joint encoder+decoder risk decomposition and preconditioner tracking.

The upper-left panel decomposes the prediction risk. The end-to-end risk and the encoded floor
become almost identical; the decoder component is orders of magnitude smaller. This supports the
mathematical decomposition

Re2e = Rioor + Rdec + cross term.

In this run the cross term is negligible at the plotted scale.

The upper-right panel tracks the latent contraction || I — P, ¢A,||. The mean contraction decreases
during pretraining, which means the decoder becomes a better latent preconditioner. The maximum
contraction is less smooth, because A; changes with the encoder and the finite evaluation set contains
task-dependent hard directions.

The lower-left panel shows the key joint phenomenon. The encoder subspace error decreases
quickly and then plateaus. Meanwhile the decoder continues to align with the current oracle P} (Us).
Since Us; moves, the decoder target itself moves. The correct formula is therefore

P11 — P (Us+1) = (Pzs — PX(Us))(I = nCs) + P (Us) — PI(Usta).

The lower-right panel again decomposes spectral-overlap fractions. The redistribution of error
mass across slow, middle, and fast modes is the observable counterpart of the moving spectral ba-
sis. This is why the exact general theory is matrix-valued, while scalar formulas are exact only in
commuting or fixed-basis settings.
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Decoder-only no-softmax linear attention: online pretraining curve

12.5 Online decoder training
Risk over online pretraining time
1.0 1 == online held-out risk
=== predicted population risk
----- current train-minibatch risk
0.8 — - irreducible floor
@
= Py =P =(Po—Px)(I = nC)
u n=0.001309, checkpoint every 50 steps
= 0.6
@
e
o
o
L
T 0.44
0.24
0 100 200 300 400 500 600 700 800

online pretraining step s
Risk agreement

1.004 -

1.002

1.000

0.998 1

observed risk / predicted risk

max absolute log ratio after step 16: 0.0044
mean ratio after step 16: 1.0033

0.9964 finalratic:1.0033 e perfect match
plus/minus 0.5% band
0 100 200 300 400 500 600 700 800

online pretraining step s

Figure 5: Online decoder-only training

Early-time zoom

1.0 1 —e= online held-out
=== predicted
0.8
X~
v
w
]
= 0.6
@
e
o
o
o}
T 0.4
final risk: 0.162454
predicted: 0.161913
0.2
0 20 40 60 80 100 120 140 160 180
online pretraining step s
Optimization of the learned preconditioner
10°
same online run
fresh tasks every step
= 17 checkpoints saved
o
|
[
=101
=
a
|
&£
1072
0 160 260 360 4(I)0 S(I)O 660 7(I)0 860

online pretraining step s

with predicted curve and checkpoints.

This plot is the direct online training run for the decoder. The learned linear-attention object is F.
The curve predicted from the closed-form population dynamics tracks the measured evaluation risk
across the run. The final observed risk is 1.6245- 107!, while the predicted value is 1.6191-10~!. The
relative distance to the oracle preconditioner at the final checkpoint is 8.2055 - 1075.

The important point is that the plotted training curve is not the trajectory of unpreconditioned
least squares. It is the trajectory of the learned preconditioner under gradient descent on the pre-
training distribution. The least-squares/Richardson equation is used only to evaluate the quality of

the current P.
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12.6 Online encoder-only training

Encoder-only no-softmax low-rank recovery: online pretraining curve

. Encoder-only low-rank recovery risk Online risk agreement
10°4
—e— online held-out encoder risk
—#~ exact population curve 1.02
1072 current train-minibatch risk
=+ noise floor o
2
T 107 L
| =
N S
O 106 3
i
& 2
1078 2
10-10 T e T N I e T T T e e perfect match
-G.= -G.)(- 0.98 X
Gs=G. =(Go=G.)U—nz) plus/minus 2%
0 100 200 300 400 500 0 100 200 300 400 500
encoder pretraining step s encoder pretraining step s
Optimization trajectory of G Low-rank subspace recovery
10° —e— online SGD 10° —e— online SGD
— = exact population — = exact population
w107 10
© S
o =
gv 3 10
= s
. o
© 1073 2z
glu“ £ 10°¢
1074
1078
10~
0 100 200 300 400 500 0 100 200 300 400 500

encoder pretraining step s encoder pretraining step s

Figure 6: Online encoder-only low-rank recovery.

The encoder-only experiment isolates the recovery of the map G or, equivalently, the low-rank task
subspace. The exact population dynamics are

Gs — G, = (Gog— Gy)(I —nXx,)°.

The observed encoder risk follows this formula with mean ratio close to one. The final observed risk
is 1.3095 - 1071, and the predicted risk is 1.3122 - 10~''. The final relative G-error is 1.6295 - 1072,
matching the predicted 1.6339 - 1075,

This experiment is the encoder analogue of the decoder preconditioner experiment. The decoder
learns Ps; the encoder learns Gg or Us. Both have exact closed population dynamics when the
corresponding population covariance is fixed.
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12.7 Online encoder+decoder training

Low-rank encoder+decoder: online CPU pretraining curve

End-to-end risk over online pretraining time 100100 Observed loop equals exact decoder identity
—e— online held-out risk
—#— exact identity risk 1.00075 -
o = certified upper risk
10°+ - encoded exact-solve floor 1.00050 4
©
© 1.00025
ad 3}
& -~
1.00000 --
= 2
@ 0.99975 |
[=]
0.99950 1
102 RN -
R A Tkt T R 0.999254 e perfect identity match
plus/minus 0.1%
T r T T T 0.99900 T T T T T
0 100 200 300 400 0 100 200 300 400
online pretraining step s online pretraining step s
Encoder generalization during pretraining Decoder optimization component
1027 | —o— sinZ (Us, Urer) N =—e— actual decoder component
! — — Davis-Kahan bound 1004 | \ == decoder contraction certificate
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Figure 7: Online low-rank encoder+decoder training.

This run combines the encoder and the learned latent decoder. The exact identity gap is 2.7756-10717,
so the plotted exact identity is a numerical equality, not a regression fit. The final held-out prediction
risk is 4.3266 - 1073, equal to the exact identity risk at the displayed precision.

The final true-subspace error is about 3.0853-10~2. The final decoder actual risk is 7.2394 - 1077,
while the final certified bound is 7.1221 - 10~%. The certificate is conservative, but the identity itself
is exact. The qualitative conclusion is that the decoder has learned a strong preconditioner, and the
remaining prediction error is primarily the finite encoder floor.
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12.8 Exact scalar proof ladder

1. Decoder-only fixed moments 2. Encoder-only residual dynamics
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Figure 8: Exact scalar dynamics where valid, and counterexample where invalid.

These four panels separate what can be reduced to a scalar curve from what cannot. Decoder-only
and encoder-only dynamics have exact scalar formulas after diagonalizing the fixed covariance. The
commuting coupled system also has exact mode-wise scalar dynamics. The maximum numerical
errors are 4.337 - 1071%,6.939 - 10718, and 5.551 - 10717,

The counterexample is the important limitation. Two states can have the same initial scalar risk
Ry = 1, but different spectral placement of the error. After one step they produce R; = 0.6724 and
Ry = 0.1936. Therefore “the risk” alone is not a complete state variable. Exact closure requires
spectral overlaps, or the full matrix trajectory when the spectral basis moves.
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12.9 Optimization and generalization bound diagnostics
Observed contraction is bracketed by population and task operators
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Figure 9: Optimization and task-generalization diagnostics.

The optimization plots check deterministic certificates for the learned decoder iteration. For each
frozen learned preconditioner and task Hessian, the exact error recursion is

err1 = (I — PH)ey.

Therefore the bound
lleell < IT — PH|||eoll

is a norm identity/certificate, not a statistical fit. The observed violations are zero in the checked
runs. Increasing prompt size improves the population contraction, for example from about 0.576 at
M = 1024 to about 0.251 at M = 4096 in the checked K = 64, condition 100 setting.

The generalization plots address the number N of training tasks/prompts used to learn the map.
The exact excess-risk identity is

R(Pn) — R(Py) I

Tr{(Py — P)C(Py — P.)"}.

The empirical scaling is then compared to deg/N. The plotted curves show the expected decay of
the train/eval gap as more distinct tasks are used to identify the spectral preconditioner.
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12.10 Prompt MP spectrum and Q/K dynamics

Prompt covariance spectrum matches MP and non-asymptotic bounds Low-rank Q/K dynamics of the effective attention kernel
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Figure 10: Prompt concentration and attention kernel diagnostics.

The MP-spectrum plot checks prompt-size effects. In whitened coordinates, the eigenvalues of the
empirical covariance should concentrate in [(1 — \/K/M)? (1 + \/K/M)?]. The checked windows
match this prediction and the non-asymptotic Gaussian concentration checks have zero violations.
This validates the prompt side of the scaling law: larger M narrows the spectral window and improves
conditioning.

The Q/K plot analyzes the gauge-invariant object Wg Wi, averaged over heads, not raw Wg or
Wik. Raw Q and K are not identifiable because Wg — AWg, Wi — A~ TWpg can leave the kernel
unchanged. The effective kernel shows low-rank structure: stable rank near one, high top-energy
concentration, decreasing skew/symmetry ratio, and factor balancing over training. This supports
the interpretation that the attention mechanism learns a low-rank preconditioning geometry.
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12.11 Replica spectral diagnostics

Dynamic replica order parameters over pretraining tasks
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Figure 11: Replica/spectral order-parameter diagnostics.

These plots collect the macroscopic quantities that are stable under changes of coordinates: spectra,
overlaps, effective ranks, prompt aspect ratios, and contraction radii. This is the correct level for
replica-style comparison. Individual parameter matrices can have gauge freedoms, but their spectra,
induced contraction factors, effective ranks, and overlap weights are invariant diagnostics of the
trained system.

The dynamic order parameters track the encoder subspace error, latent contraction, and precon-
ditioner rank. The top-spectra grid shows whether the learned latent systems occupy the expected
spectral window. The prompt aspect and latent window plots connect empirical prompt size M,
rank 7, and Marchenko—Pastur scaling. Together they provide the bridge between the exact finite-
dimensional identities above and the large-system spectral /replica interpretation.

13 Conclusion

’Linear attention: exact global preconditioner dynamics s — F. ‘

’Decoder evaluation: exact Richardson identity at frozen P.

‘Encoder: exact covariance-driven recovery in fixed population model. ‘

’Encoder—kdecoder: exact triangular dynamics under stop-gradient. ‘

’General non-commuting joint system: exact matrix dynamics, no one-scalar closure. ‘

21



Softmax attention: exact nonlinear update map/Jacobian, not one global P;.
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