Dynamic BBP for Multi-Index Phase Retrieval

Abstract

We study a quadratic multi-index teacher-student model and the empirical Hessian
obsereved on an independent Gaussian sample. The population dynamics closes on the Gram
summaries (@, M) and gives an exact Riccati equation for the captured teacher subspace.

After a smooth truncation of the square loss, each Hessian block has the form n=' X T DX,
with diagonal weights depending only on finitely many projections. This places the Hessian
in the framework of Ben Arous and gives deterministic matrices for the bulk, outliers, and
eigenvector overlaps as functions of the summary statistics. The Dyson equations, Stieltjes
edges, residues, and the three BBP transitions are then computed below. Table of notations
at the endd.

1 Model and population summaries

Let p, k be fixed and d — oco. Let © = (61, ...,60;) € R¥F have orthonormal columns and let

A:dlag(,&l”ﬂk}a wi > 0.

For W = (w1, ...,wp) € R¥*P set

fw(@)= =3 (waa)’,  fulz) =Y w6 2)*
a=1 ]

Equivalentely,
1
fw(@) =28z, Iy = EWWT, felz)=z"Azxz, A, =0OAOT.

For x ~ N(0,1;) define
Eyw =Xw — A, w = Tr By .

The population square loss is

R(W) = SE(fw(x) — fu(x))? = Te(ER) + iy (11)

The finite summaries are

Q=wTw, M=w'e, gW)= (]\% JI‘Q . (1.2)

When @ is invertible, put
C=M"Q'M, R.=1I, - C. (1.3)

then C = @TPSpan(W)@ is the part of the teacher subspace already contained in the student
span.



Proposition 1.1 (Closed population dynamics). The population gradient is

2
VwR(W) = 5(2EW + T lg)W.

Hence the population gradient flow satisfies

W = —;(QEW + wad)W. (1.4)
It induces the closed system
O = 4 {2 (1Q2 - MAMT) + TQ} : (1.5)
p p
. 2 1
Y [2 (QM - MA) + TM] , (1.6)
p p
where T =p 1 TrQ — Tr A. Morever,
¢ = i(AC’ + CA = 2CAC). (1.7)
If C(0) is invertible, then
o —4At/p —1 —aAt/p] !
C(t) = [Ix +e (C0)™! = I)e | (1.8)

Proof. Differenciate the population loss. The equations for Q and M follow from Q = W W +
WTW and M = W'O. Differentiate C = M T Q' M:; using the closed equations cancels the
common left multiplication terms and gives the Riccati equation for C. Setting Y = C~! — I,
gives Y = —(4/p)(AY 4 Y'A), hence the explicit solution. O

We can now work in a seperated one-dimensional window. This simplifies the computations
and is verified experimentally with a power-law spectrum. In the general case one should instead
keep the full Riccati matrix ODE and extract its eigenvalues at time t. In this scalar window
the Riccati equation reduces to

X 8[&1 ri(O)GSNit/p
P = i(1—1i), i(t) = . 1.9
T D T ( T ) T ( ) 1 — 7"2(0) + ri(())eg#it/p ( )
If ;(0) < d~!, then the time at which 7; reaches any fixed level in (0,1) is
p
T, = logd + O(1). 1.10
Llogd +0(1) (1.10)

2 The Hessian in the effective spectral framework

Let 21,...,2, ~ N(0,I;) be the independant sample, and let X € R"*¢ have rows 3:;. Write
h=WTzeR, y=0TzecRF  shy) = ]19 |A)> =y Ay. (2.1)

For the pure square loss £(h,y) = s(h,y)?/2, the Hessian block with respect to (w1, ...,w,) is
Hoa(W) = - XT D)X, (2.2)

where D,,(W) is diagonal and
Do o(W) = D (W 2y, 0T ), (2.3)



4 2 /1
Ban(li) = ~shah -+~ (A = 4" Ay ) dun (24)
p P \p
Indeed, Oy, s = 2h,/p and 8}%“,%5 = 204p/p-
For a direct use of the effective spectral theorem 2.1 from Ben Arous et al, fix R < oo and

choose a smooth loss £p € CI"*(RPT*) such that

1
tr(hy) = 3s(hy)®  for [[(hy)] < R. (2.5)
Set n R
O (h,y) = F g tr(hy),  Arlh,y) = (@) (hy)!, . (2.6)
Then .
H (W) = =XTDEIW)X,  DELW) = @) (W e, ). (2.7)
Conditionally on W,
(hyy) ~ N (0,G(W)). (2.8)

Remark 2.1 (Outlier F matrix and empirical / deterministic disentangle). The effective spectral
theorem of Ben Arous applies to bounded Hessian blocks. It gives deterministc limits for the bulk,
outliers and eigenvector projections as functions of the finite Gram matriz G(W).

This is the only imported RMT theorem, and the most difficult one. Without this theorem,
one would have to prove the Dyson equation and the projected resolvent convergence directly.
The proof removes the self-coupling between DY) and X by splitting the data into the finite
projection part and an independent Gaussian orthogonal noise.

The bulk is then an independent weighted Wishart type expansion, while the finite projection
part produces the outlier equations. In the notation of that theorem, the finite matrix governing
outliers is of the form

Fy(z) = R"D(I + Sy(2)D)"'R. (2.9)

The difficult step is the uniform convergence of Fy(z) to its deterministic limit, including the
control of possible poles 1+ Sy(z)Dy =~ 0.

To apply this theorem, we need to make the loss bounded or Huberized, as in Maillard [2],
to have bounded derivatives.

Remark 2.2. The paper is written in the regime where the time path of the weights is independent
of the data: the path W (t) is fixed before the Hessian sample is drawn. If the same data both
train W and build the Hessian, one needs an additionnal leave-one-out or cavity argument.

In order to apply their theorem for the Hessian we take

ag = % = (log d)?, (2.10)
or ag = (log d)de with wgy — oo when an additional covarience margin is useful. This is not
a training-time assumption: the trajectory Wy(t) is generated first by the population ODE,
and the Hessian sample is then drawn independently. The reason is the following standard
Hanson-Wright estimate: if z;, ~ N(0, ;) and B is deterministic, then

1 nt? nt
P |- a:ZBa;g—TrB 2t> < 2exp l—cmin <,>] .
(’"; 1B17 1Bllop

For the full covariance operator, the natural scale is Op(agl/ 2). However, the finite-dimensional
covariance quantities entering the summary statistics and the Hessian weights only test functions
of (W'x,0Tz) € RPT* with p, k fixed. Their effective sample size is therefore n = doy.




3 Deterministic computations after applying Ben arous theorem

All expectations in this section are with respect to (h,y) ~ N(0,G(t)), where G(t) is the
deterministic summary path supplied by Section 1. For S € Sym,,(C) define

Ts(A) = A (I, +ag's4) . (3.1)

From Ben arous paper Theorem 2.1, the matrix Stieltjes transform is the solution Sg(z,t) € CP*P
of

— Sn(z ) = 2l — E [Ts, .0 (Ar(h,9))] - (3.2)
The limiting density is
pr(E,t) = fhm\s TrSR(E+zn, t). (3.3)
™ nl0
Let z_(t) and x4 (t) be its left and right edges.
For a group of modes/eigenvectors J C {1,...,k} let Py be coordinate restriction to J.
Whith
C=M"Q'M, R.=1I-C, (3.4)
define the residual and parallel teacher variables
& (hoy,t) = R j*Py(y — MTQ'h), (3.5)
¢h(ht) =C;" P MTQ A, (3.6)
The finite matrices for left and right outliers are
Ky p(2t) = E €565 @ Tsy e (An(h,y))] (3.7)
Kfp(2t) =B [€565T © Ty ey (An(h,y))] - (3.8)

The right side also contains rotations of the hidden representation, which are not informative for
phase retrieval. Let IL,n, be the orthogonal projection removing the tangent space {IW 2 : or =
—Q}. Set

K7 Ramp(%:1) = Mamp K 5 (2, ) Mamp. (3.9)

A left outlier is a root A < z_(t) of
det (A — K (A1) =0, (3.10)
and a right outlier is a root A > x4 (t) of
det (A = K7 p ap(As 1)) = 0. (3.11)
The contact margins between outliers and edges are
AT (8) = 2 (8) = Amink T (1), ), (3.12)

AS () = Mmax K (@4 (8),6) = 24 (8). (3.13)

If )\, is a simple outlier and c is the normalised eigenvector of the corresponding finite matrix,
then the empirical squared projection onto the associated teacher direction is given by the usual
BBP residue formula; see also Eq. (58) of Cammarota [3]:

1

+
= T (I 0. K+ (A, ))

+ errg, errg — 0. (3.14)

For the right side, K is replaced by K.

amp



4 Expansion in large a without groups J

We then mimic the former calculations in our framework, but with the general Dyson equation
and without groups J. We apply an asymptotic expension with respect to a.

First rewrite the notation of the paper in the scalar one-dimensional reduction. In the
deterministic matrix formula, the Hessian weight Agr(h,y) is tested on a fixed unit direction
u € RP and is replaced by the scalar weight

¢ = (rbu(ha y) = uTAR(hv y)u

Its law depends on time through the summary statistics G(¢), but we omit this dependence and
write simply ¢. For the untruncated square loss this reads

4 2 /1 9 T
¢uh,y:uTh2+( hl|* —y Ay).
(h,y) p2( ) p pll |

The matrix Stieltjes variable S is replaced by a scalar g. Then

ag
a+gp’

For a fixed teacher mode i, the scalar teacher variable whose overlap is measured is one of the
normalized coordinates

Ty(0) = ¢ (1+a 'g9) =

ey = BT AMOTQOTh MBI
1—e/C(t)e; e] C(t)e;

where e; is the i-th coordinate vector and C(t) = M (t)TQ(¢t)~'M(t). The left BBP branch uses
§ =&, , while the right branch uses { = f;r . Define

1 ¢ £
z2(g) = —— +aE , z) =alE 4.1
(9) p ot o e(2) ot 920 (4.1)
A regular edge is a turning point of z(g). If
mg =E[¢], 0, =E[¢'], (4.2)
Set € = a2 and write g = e g+ r 4+ O(e). Since
1 1 90 | 9°¢*  g°¢®
= (1-L 45 T 43
atgp « ( a + a? 1% + ’ (43)
the edge equation 0,z = 0 gives
—1/2 m3
=+ ==, 4.4
q+ me 5 T m% ( )
Substituion into z(g) and K¢(g) gives the edge and kernel expansions below.
then, for large «,
Ty =mq =2 mg/oz—l—ﬂ—i—O(a_Sﬂ), (4.5)
mace
92 1 93 m392) _3
K* =0 +t—+ - — — O /2. 4.6
() =2 s (3= ) 0 (46)
At a residual isotropic plateau J, the leading left BBP condition is
B 2
2 J pJ
2 74 B, = 4.
i > 5 J S2,J+(pJ+8)<pJ+2) ; (4.7)
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where p; = |J|, py = ey mj and So g =3 ,c; 13-
If puj = poj~—* with @ > 1/2, then B; < péi172% and the visible front satisfies jgpp < a.
For an isolated mode obeying the scalar logistic equation, left reentry occurs when

G

pill = rilt)) = T+ Ofa™) (43)
SO » »
th = “—logd 1 1). 4.
- =8 ogd + To, oga+ 0O(1) (4.9)
The isolated left eigenvector projection vanishes at contact:
Q (1) = A; [Vaui(1 —ri(t)) —¢; | | + erra, err, — 0. (4.10)
A right branch near r; = 1 has
O () = AT [ = Vau(1 = ri(1)], + erra. (4.11)

A Derivative in the scalar Stieltjes coordinate

Let ¢ and £ be as in the scalar reduction above. Then

9 _ 1 E ¢’ Al
gz(g)—?—a m‘ (A.1)
By the chain rule,
¢ 1
9. Ke(2) = — (atyg <;;)2 (A.2)
g 2—aFE ]
(a+g9)°

If Ay = K¢(Ay) is simple, then near A,

1

(2 — Ke(2) ™t = (AW FESW +O(1). (A.3)

Comparing this pole with the spectral decomposition of the empirical projected resolvent gives

1

Qf()‘*) = 1— (%Kg()\*)

+ errg, errg — 0. (A.4)

B Condition for the first left BBP transition
Let J be a residual set. Put

PJ
ps=|J|, PJZZMJ', 52,J=Zu§, aj = Y (B.1)
jEJ jeJ pJ

At the isotropic residual plateau the scalar Hessian weight in a fixed index direction is

) pJ
by = — [QJ <3Z%+ZZ§) - > wY?, (B.2)
Py a=2 reJ
with independent standard Gaussians Z,, Y,,. Wick expansion gives
8 2
my =0, my = pfg |:S27J + (ps + 8)@]:| . (B.3)
J
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For the residual teacher variable £ =Y,

. dp; _ 8 2 2
b= = (S0, + (0 +8)a3 + 442 (B.4)

At the critical scale y; = O(a~/?), the contact equation K~ (z_) = z_ yields

B _
pi = QTi +0(a™3/?), By =Sy + (ps+8)aj. (B.5)

C Reentry times at the left and the third right BBP transition

For a left residual branch of mode 1,

pi (1) = pi(1 —ri(t)). (C.1)

Applying the threshold expansion gives

C.:

pa(1L = ri(ti)) = \} +0(a™). (C.2)

a
If 7; = 2w;r; (1 — ;) and 73(0) < d=1, then 1 — r;(t) < de~2¥* in the terminal layer and

logd 1
_ i T og o
2&)1' 4(4}1‘

in
i,—

+0(1). (C.3)

For the quadratic model, 2w; = 8u;/p.
For a right branch, the relevent residual is still p;(1 — r;) but the outlying side is the opposite
one:

QOF(t) = AT — Vap(L—ri(t)], +erre. (C.4)

D Overlap at the BBP transition

The margin is computed from the explicit functions z+ and K*. This gives the expansion below
rather than requiring it as a separate assumption. Let p be a scalar signal parameter, and let
o € {—1,+1} denote the chosen edge. From the large-a expansions,

T, = mi(p) + Um +0(a™), K% (z,) = 61(p) + 0027@) +O(a™).

Va ma(p)y/a
Thus the signed contact margin has the form
Alp;a) = ap — \;)5 +0(p*+ah), a = 0,(m1 —61)(0) > 0. (D.1)

Indeed, at zero signal contrast mq(0) = 61(0). Hence my(p) — 01(p) = ap + O(p?), and the edge
correction is b/v/a + O(p/v/a + a™1).
In the BBP window p = O(a‘l/Q), this is the displayed margin expansion. The only
non-degeneracy condition is @ > 0. The threshold is
b

pela) = /o +0(a™). (D.2)

At a regular edge g,

Z—Ze= %Zgg(ge)(g —9.)°+0((9—9:)"), K —Ke=Kg(ge)(g—ge) +O((g — ge)?)- (D.3)



The outlier equation gives

2
Qp) = m922 a [Vap —b/a]; + erry, errq, — 0. (D.4)
2

Then a newly born outlier has zero residue at the edge. For the left residual branch,
pi () = mi(L—ri(t),  Q (t) = A7 [Voap; () —¢; ], +o(1).
At the left reentry time,

_ G

pi () = NG

+0(@™Y), Q) o, (D.5)

At the same time 1 — r;(t") = ¢; /(piv/@) + O(a~1). Thus the teacher direction is already
captured up to the BBP scale, while the residual eigenvector dissolves into the bulk.
For the right branch, with s;(t) = 1 — r;(¢),

Q5 (t) = A7 [ — Vapisi(t)], +o(1).

Hence at the right detachment itself,

)8
C+

: _ +

pi(1 — ri(tf7+)) = \Z/a + O(a 1)7 Q, S(tf,+) — 0. (D.6)
The right overlap becomes close to one only after the right outlier is macroscopicaly separated
from the bulk. Indeed, if A} (t) — z4(t) > dp > 0, then g(A\f,t) = O(1), and the derivative
formula for 0, K gives

O.KT(\F,t) =0(a™), QTS ) =14+0(>™). (D.7)

Therefore the interpretation is left reentry orthogonalizes hte weights, and right reentry aligns
them. This is coherent with the algorithm provided in https://arxiv.org/pdf/2508.03688



Table of notation

Notation Meaning

d Ambiant dimension, sent to infinity.

P Number of student directions or neurons.

k Number of teacher directions or modes.

n Number of independent samples used to build the empirical
Hessian.

ag =ng/d Hessian sample ratio. In the main scaling, oy = (log d)?, and
we write « in scalar expansions.

T, Ty Gaussian inputs in R?, with z, ~ N (0, I).

X Data matrix whose rows are x;r.

W = (wi,...,wp) Student weight matrix in R%*?,

O =(61,...,60k) Orthonormal teacher directions in R¥*%.

A = diag(u1, ..., ug) Teacher spectrum. The positive numbers u; are the teacher

Yw :pilwa
A, =0A0T
Ew =Yw — A
w = Tr Ew
R(W)
Q=wW'w
M=W'e
g(w)
C=M'"Q™'M
R.=1,—-C

strengths.

Quadratic form learned by the student.

Teacher quadratic form.

Error matrix between student and teacher quadratic forms.
Trace component of the population error.

Population square loss.

Student Gram matrix.

Student-teacher overlap matrix.

Joint Gram matrix of (W, ©).

Captured part of the teacher subspace inside span(W).
Residual teacher covariance.

One-dimensional captured overlap for mode .

Student coordinates of a sample.

Teacher coordinates of a sample.

Scalar residual p~1 ||h]|* — y T Ay.

Smooth truncated loss used to apply the effective spectral theo-
rem.

Second derivitive 8,%(1 hy LR

Matrix Hessian weight with entries q)éf)(h, Y).

Diagonal sample weight matrix associated with Hessian block
(a,b).

Empirical Hessian block n~1 X TDELf')(W)X .

Matrix Stieltjes transform solving the deterministic Dyson equa-
tion.

Resolvent weight A(I, + a;*SA)~! from the Ben Arous et al.
notation.

Limiting spectral density of the Hessian.

Left and right spectral edges.

Group of teacher modes considered together.

Coordinate restriction to the modes in J.

Residual teacher variable used for left outliers.

Parallel teacher variable used for right outliers.

Finite matrix governing left outliers.

Finite matrix governing right outliers.

Projection removing rotational tangent directions of the hidden
representation.

Right outlier matrix after projection onto amplitude directions.
Contact margins hptween outliers and spectral edges.

Squared empirical projection of an outlier eigenvector onto the
associated teacher direction.

Scalar Hessian weight in the one-dimensional reduction.




Table of notation

Notation Meaning

g Scalar Stieltjes coordinate replacing the matrix variable S.
Ty(9) Scalar version of Tg(A), equal to ad/(a + go).

& Scalar teacher variable whose overlap is measured.

z(g) Scalar Dyson parametrization of the spectral coordinate.
Ke(2) Scalar finite outlier function.

my = E[¢f] Moments of the scalar Hessian weight.

0, = E[¢%¢] Weighted moments controlling teacher overlap.

DI, LI, S2,7, 07

By

Plateau quantities: p; = |J|, py = Xjes ), So.0 = Xjes ,u?,
and a; = py/(ps +2).
Plateau variance threshold Sy j + (ps + 8)a?.
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